Abstract. Several widely used tests for a changing mean exhibit nonmonotonic power in finite samples due to "incorrect" estimation of nuisance parameters under the alternative. In this paper, we study the issue of nonmonotonic power in testing for changing mean. We investigate the asymptotic power properties of the tests using a new framework where alternatives are characterized as having "large" changes. The asymptotic analysis provides a theoretical explanation to the power problem. Modified tests that have monotonic power against a wide range of alternatives of structural change are proposed. Instead of estimating the nuisance parameters based on ordinary least squares residuals, the proposed tests use modified estimators based on nonparametric regression residuals. It is shown that tests based on the modified long-run variance estimator provide an improved rate of divergence of the tests under the alternative of a change in mean. Tests for structural breaks based on such an estimator are able to remain consistent while still retaining the same asymptotic distribution under the null hypothesis of constant mean.
Introduction
Testing for structural changes in dynamic models is a common practice in empirical time series analysis. Two widely used procedures for structural changes are the CUSUM (Kolmogorov-Smirnoff) test and the QS (or Cramer von-Mises) test. The CUSUM test based on recursive residuals was proposed by Brown, Durbin and Evans (1975) . Ploberger and Kramer (1992) studied CUSUM test based on OLS residuals. The QS tests based on the Cramer von-Mises measure were studied by Gardner (1969) , MacNeil (1978) and Perron (1991) . For other tests used in econometrics, see, e.g., Andrews (1993) , Andrews and Ploberger (1994) , Perron (1991) , Hansen (1992) , and Elliott and Müller (2006) . An important issue in tests for structural change is that some tests can exhibit nonmonotonic power (see, e.g., Perron (1991) , Vogelsang (1999) , Deng and Perron (2007) ).
That is, as the structural change grows, the power of the test actually decreases. The problem of nonmonotonic power is found in models with a structural break in the mean.
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Monte Carlo studies indicate that the main reason for nonmonotonic power is that nuisance parameters are poorly estimated under the (global) alternative. For the above mentioned tests, a common feature is that they are based on empirical processes that satisfy functional central limit theorems under the null hypotheses of no structural change. The test statistics converge to functionals of (demeaned) standard Brownian motions after standardization by an estimate of the long-run variance of the time series. Monte Carlo results of Crainiceanu and Vogelsang (2007) show that, in the presence of a changing mean, the value of the data dependent bandwidth will be very large, and nonmonotonic power can be found when such variance estimators are used.
In this paper, we investigate the problem of nonmonotonic power in tests for changing mean. To provide a theoretical explanation for the nonmonotonic power problem, we develop an asymptotic analysis for the tests under the alternative hypothesis with large (diverging) changes. We then propose a modification to the tests that is designed to avoid nonmonotonic power. Since the source of nonmonotonic power is the long-run variance estimator, we want to find a variance estimator that is robust under very general deterministic structures. We propose a nonparametric regression on the original data first, and then construct an estimator of the long-run variance parameter based on the nonparametrically demeaned data. Asymptotic analysis on the proposed estimators and test statistics is provided. We show that the tests using long-run variance estimators based on the nonparametric regression residuals diverge at a slower rate than standard long-run variance estimators, yet they retain correct size under the null hypothesis. We show that tests constructed using such a long-run variance estimator retain their consistency under various diverging alternative hypotheses.
The structure of the paper is as follows. In section 2, we describe the model and existing tests. In section 3, we investigate the problem of nonmonotonic power via asymptotics of large structural changes. The modified tests are proposed and examined in section 4. We illustrate the performance of the tests using a small Monte Carlo experiment in section 5 and illustrate the usefulness of our procedure using a series containing expected U.S. inflation in section 6. Section 7 concludes.
Model and Tests
Consider a time series model characterized by (2.1)
where θ t = θ t T is the deterministic component of y t , and u t is the stochastic component that is potentially serially correlated. Notice that θ t is allowed to vary over time in the current setup. Our purpose is to test whether or not there is a change (or changes) in the deterministic component θ t . More precisely, we want to test the null hypothesis
so that there is no change in mean in time series y t .
One way for testing structural change in θ t is to look at the fluctuation in the OLS residuals of (2.1),û t , through the following empirical process
Under H 0 , the fluctuation inû t is stable and V T (r) converges weakly to a demeaned Brownian motion with variance
is the autocovariance function of u t . In the presence of structural breaks in θ, the fluctuation inû t will be larger. Since the limiting process of V T (r) has variance ω 2 , appropriate standardization is needed to remove this nuisance parameter. Letω be a consistent estimator for ω, we may consider the following standardized empirical process:
where U T (r) converges weakly to a standard demeaned Brownian motion, say W (r), under the null hypothesis. Let g(·) be a continuous functional that measures the fluctuation of U T (r), we can use g(U T (r)) as a test statistic for H 0 . By the continuous mapping theorem,
When we take g(·) as the classical Kolmogorov-Smirnoff measure, we obtain the CUSUM test
which was studied by Ploberger and Kramer (1992) . Using the Cramer-von Mises type metric, we can construct the following test
The above test is also labeled as QS in the literature (see, for example, Gardner (1969 ), MacNeill (1978 , and Perron (1991) ). Under the null hypothesis,
The CUSUM test and the QS test are two of the most widely used testing procedures for structural breaks. In this paper, we focus our discussion on the CUSUM and QS tests, but our analysis in this paper extends naturally to other tests that employ nonparametric estimation of the serial correlation structure through a long-run variance.
The above tests make use of an estimated long-run variance, which is proportional to the spectral density of u t at zero frequency. This quantity is usually estimated by a nonparametric kernel method in the following form:
whereγ(j) is the sample autocovariance function
k(x) is a lag window kernel function, and b T is a bandwidth parameter which controls the length of lag truncation, satisfying the property b T → ∞ and b T /T → 0. For example, Andrews (1991) suggests the following optimal kernel (quadratic spectral kernel)
Another popular kernel is the Bartlett kernel with the following form:
See, e.g., Andrews (1991) for more discussions on other kernels.
In practice, the long-run variance estimate is sensitive to the choice of bandwidth parameter b T . In many econometric applications, the AR(1)-based plug-in data dependent bandwidth (Andrews (1991) ) based on a mean-squared-error criterion is widely used. Letρ be the estimated AR(1) parameter from a univariate autoregression ofû t onû t−1 , the data dependent bandwidth parameter b opt is given as
where ξ(k) is a constant depending on the kernel function and q is the order of the kernel.
α(q) is a function of the unknown spectral density and is estimated by a quantity based on ρ. If the quadratic spectral kernel (2.3) is used, q = 2, ξ(k) = 1.3221, and
If the Bartlett kernel (2.4a) is used, q = 1, ξ(k) = 1.1447, and
These data-dependent choices of bandwidth are widely used and are available as a standard option in many software packages.
The use of a data-dependent bandwidth is very important in applied work since long-run variances are sensitive to the bandwidth. Andrews (1991) illustrates the improvement in estimation of an optimal bandwidth via a Monte Carlo experiment. The data-dependent bandwidth turns out to be an important part of the cause for nonmonotonic power in the structural break tests we discuss.
In the next section, we see how the CUSUM and QS tests are affected by changes that are not characterized as "local".
Asymptotic Theory of Large Changes
It is well known that the CU SU M and QS tests are consistent, so that power goes to one as the sample size increases when the size of the break is fixed. Moreover, local power for the CU SU M test is derived in Ploberger and Kramer (1992) . However, monte carlo evidence of Creaniceanu and Vogelsang (2007) shows that if one lets the size of a one time discrete change in mean go to infinity with the sample size, power may not go to one. This effect is referred to as nonmonotonic power since power may increase initially and then decrease as changes in mean are larger in magnitude. Given the possibility of nonmonotonic power, we consider alternatives that are allowed to diverge with T .
In this paper, we consider alternatives of the form
By allowing η to approach infinity, we can determine the effects of large changes in mean on the tests. In particular, we will allow η = O(T b ) where b > 0. We first show (Theorem 3.1) that the long-run variance estimator is the main source of the nonmonotonic power problem, and then analyze the power property of the tests using long-run variance estimator (Theorem 3.2).
Our first result deals with the tests that do not use a long-run variance estimator. In the case that u t is a martingale difference sequence, only a variance estimator (instead of the long-run variance estimator) is needed for standardization because there is no serial correlation. Let σ 2 be the sample variance, and
The following theorem states that the CUSUM and QS tests still have power against alternatives that increase with sample size so long as we do not use a long-run variance estimator.
Theorem 3.1. Suppose that u t is a martingale difference sequence and that θ(t/T
Although the above result is based on the case where no long-run variance is used or needed, the result can be used to find the order of the statistics that are modified by a long run variance estimator. If u t is modeled as having a general serial correlation structure that is unknown, we would modify each test by dividing by a function of the long run variance estimator. For the purpose of asymptotic analysis, we introduce the following assumptions:
Assumption 1. y t is generated according to (2.1) where E(u t ) = 0 and θ
Assumption 2. u t is fourth order stationary and absolutely regular with mixing coefficients Jansson (2002) .
where
Assumption 1 is the same as in Theorem 3.1. Assumption 2 limits the amount of dependence in the data. The mixing concept of absolute regularity is common and includes ARMA processes under certain restrictions of the density of innovations. This type of mixing condition is employed in several nonparametric estimation papers including recent articles by Hsiao and Li (2001) , Fan and Li (1999) and Li (1999) . Assumption 3 was used in Jansson (2002) , who shows that this is the class of kernels that should be considered for consistent estimation. This class of kernel contains many conventional kernel functions in the literature. Assumption 4 are moment conditions used along with the dependence conditions to find limiting distributions.
We present the initial result in the following theorem. 
, where q is the order of the kernel function. If η = T b with b ≥ 1/2, we have
In particular, if q = 1,
and if q = 2,
Given the results of the above theorem, we see that the divergence rate of the test statistic becomes smaller and smaller as the magnitude of the change (i.e. b) increases, corresponding to less and less power in the presence of a large change. When b ≥ 1/2, the tests are bounded in probability. In other words, for divergent alternatives, the tests are no longer consistent.
In finite samples, this means we may observe very obvious large changes in the mean of a series that will not be detectable by this type of test. As discussed above, several Monte
Carlo studies have shown evidence of nonmonotonic power, where large changes are less detectable than small changes. The theorem provides an asymptotic theory to explain the existence of nonmonotinc power for a wide class of changes in mean that are indexed by η. We find this to be a very undesirable feature for the tests, and suggest a remedy in the next section.
Modified Tests
In this section, we consider a modification on the existing tests. We use an estimator of the long-run variance that still converges to the true long-run variance even under parameter change (non-constant θ t ). To this end, we estimate two sets of residuals. First letû t be the OLS residuals from regressing y t on a constant. These residuals do not allow for any structural change, with θ t assumed to be constant. These residuals will be used to construct the partial sums T −1/2 [T r] t=1û t . Next, we construct nonparametric regression residualsũ t based on a nonparametric regression on (2.1). That is, we estimate θ(t/T ) using nonparametric kernel methods,
and K(·) is a kernel function (different from the lag window k(·) used for the long-run variance), and h is a bandwidth parameter such that h → 0. This estimator of θ t was originally proposed in Priestley and Chao (1972) and is also related to the estimator of Robinson (1989) . It differs from the usual nonparametric estimator in that there is no need to have a kernel density estimator in the denominator since θ is a function of time.
Alternatively, one could include an estimate of the density in the denominator which would converge (uniformly) to one.
The second set of residuals is defined as
Based onũ t , the sample autocovariance functionγ(j) is then calculated as
and long run variance estimated bỹ
The modified tests are then constructed based onω 2 (based on nonparametrically demeaned data) andû t (based on OLS demeaned data). For example, the modified CUSUM and QS tests are based on the following modified empirical process:
t .
In particular, we denote the modified tests by
In these modified tests, the partial sum process T −1/2 [T r] t=1û t are constructed based on OLS residuals and will capture the fluctuation in the presence of structural changes. The long run variance estimatorω 2 is constructed based on nonparametric demeaned data and, under the null hypothesis of constant mean, should converge to the true long-run variance.
Moreover, we posit that under the alternative hypothesis, the modified estimator of the long-run variance diverges at a slower rate than the original unmodified version. Thus tests based on the modified long-run variance estimator are more likely to exhibit monotonic power.
1
Our proposed method uses a nonparametric kernel estimator for θ(t/T ). Moreover, the widely used data-dependent bandwidth b opt can also be calculated based onũ t . We propose a modified data dependent bandwidth using the nonparametric residualsũ t and the plug-in formula as Andrews (1991) :
whereα(q) is now estimated based onũ t . Letρ be the AR(1) coefficient estimate from regressingũ t onũ t−1 ,α(q) is estimated based onρ. Corresponding to the quadratic spectral kernel,α
We explore the performance of the modified long-run variance estimator in the following theorems. This theorem states that tests using the modified long-run variance will have the correct size. Moreover, as a minor corollary to this theorem, it is easy to show that the quantity α(2) will converge to the relevant population quantity α(2), so that we can expect to have good size in finite samples.
Assumption 5. K(·) is a bounded continuous density such that
The purpose in using modified residuals,ũ t , in the construction of the long-run variance is to maintain consistency of the tests. The next theorem shows that this intuition is correct. 
).
Case 3:
Case 4: 1/2 + a/2 < b.
The main point of the theorem is that the modified tests are consistent against all alter- Therefore, we expect the performance of CU SU M * T and QS * T to dominate CU SU M T and QS T for all classes of (non-local) alternatives. We verify this claim in the Monte Carlo section.
Monte Carlo
In this section, we conduct a Monte Carlo experiment to examine the effectiveness of the proposed modification. In particular, we compare the original tests (denoted by CU SU M T and QS T ) with the proposed tests (denoted by CU SU M * T and QS * T , using long-run variance estimator based nonparametric regression residuals). The kernel and lag truncation used in the long-run variance estimation are the quadratic spectral kernel and the corresponding data-dependent bandwidthb opt .
The proposed new tests require a bandwidth parameter h and a kernel K(·). For the kernel used in the nonparametric regression estimation of θ(t/T ), we use the Epanechnikov kernel given by
For comparison purposes, we use three choices of bandwidth, h = cT −1/5 , with c = 1, 2, 3.
First, size is examined by generating the following process
where θ = 1 and u t = ρu t−1 + t with t iid N (0, 1). We consider sample sizes of T = 100, 200, 300 and rho takes the values 0.0, 0.5, and 0.7. The nominal size is 5%, the number of replications is 2000, and the percentage of rejections appears in Table 1 Power comparisons are made using the following process.
where t is again N (0, 1) iid. However, now we let θ(t/T ) be governed by θ(t/T ) = 1 for t = 1, . . . , 0.5T 1 + η for t = 0.5T + 1, . . . T. Thus, we fail to reject the null hypothesis of a constant mean over the entire range of the data. Next, we calculate the CU SU M * and QS * tests using the modified long-run variance.
The values are 1.55 and 1.06 respectively. We reject the null hypothesis in both cases. This example shows how some standard tests will fail to reject the null hypothesis of a constant mean in situations with obvious instability. However, the new modified tests are able to easily detect such a change.
Conclusion
Using an asymptotic analysis of large changes in mean, we have shown that the problem of nonmonotonic power in tests of changing mean can be alleviated through the use of nonparametric residuals. The theoretical results show that we can expect the modified tests to reduce the problem due to the local smoothing of the series which provides a better estimate of the residuals under the alternative hypothesis. The properties of our modification are apparent from the Monte Carlo experiment as well as from our empirical example using expected inflation.
The problem of nonmonotonic power affects tests of changing mean. However, this remains a very serious and pervasive issue. In a regression setting, if there are changes in the mean of the regressors, Hansen (2000) shows that there can be very severe empirical problems. Researchers who ignore changes in mean of the regressors will incorrectly find structural change in the regression parameters rather than correctly attributing the change to the mean of the regressors. Hence, it becomes important to test for changes in mean of each regressor, and our tests may serve an important role in such a task.
Appendix A. Proofs
Lemma A.1. Under Assumptions 1 -4,
Proof:
comes from an application of Lemma A.5. Then we
We have
where the β(s − s) terms come from the application of Lemma A.5. Next,
These results imply that E(F
Lemma A.4. Under Assumptions 1 -4,
Consider H 2 . Without loss of generality, suppose that t < t < s < s . There are several subcases:
For case a), we have
where the second inequality comes from Lemma A.5 and the last line from Assumption 2.
The other cases are similar and the proof of H 1 is similar so that Yoshihara (1976) ) Let
be absolutely regular random vectors with mixing coefficients β.
Borel measurable function and let there be a δ > 0 such that
Proof of Theorem 3.1:û
In addition, we have
where the variable X has a normal distribution with variance 4 1 0 (g(s) −ḡ) 2 ds, and we have
The result follows from the Continuous Mapping Theorem.
Proof of Theorem 3.2: Letγ(j) = T −1 T t=j+1 u t u t−j . We find the order of
in terms of b T and then we will find the order of b T to complete the proof.
We can writê
The middle two terms are of order
from the proof of Theorem 3.1. The last term is the dominant term and is of order η 2 .
Now b
|dx, which implies that
Now we find the order of the optimal bandwidth, which is a function ofρ − 1
For J 2 we have
The analysis of J 1 is similar. Then
The order ofγ 0 is O p (η 2 ) from the proof of Theorem 3.1.
We consider three cases for the behavior of η.
In particular, in the case when q = 2, Case 1:
Case 2:
Case 3: η = T 1/2 . This case is similar to Case 1.
In general, notice that the component that is determined by the plug-in procedure can be
Proof of Theorem 4.1:
from Lemmas A.1 and A.4. Then
We find the order ofb opt using the residuals from the nonparametric regression. Note that under the null, y t −ỹ t = u t −ǔ t as defined in the beginning of the Appendix. We havẽ
and similarly,γ
so thatb opt = O(T 1/5 ) under the null hypothesis. Replacing b T withb opt , we have
by the assumptions on the bandwidth so thatω 2 is consistent.
Proof of Theorem 4.2:
where the L terms are defined as
We find the convergence of each term in turn. First,
We can write
But nowω
where T 1/(2q+1) η 2 h 2 → ∞.
). Case 2: 0 < a − 1/10 < b ≤ a. Theñ
where T 1/5 η 2 h 2 → ∞. The proof is completed byω 2 from Theorem 3.2 withω 2 . 
